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Abstract

Readers familiar with visual generation models know that FID has long been one
of the key evaluation metrics, with lower values typically indicating more realistic gen-
eration. A natural question arises: why not directly use FID as the loss function for
training generative models? Is it because FID is non-differentiable? Not at all—FID is
in fact differentiable, and in theory presents no issue as a loss function. However, prac-
tical difficulties in computation arise. Recently, the paper Representation Fréchet Loss
for Visual Generation has made attempts to overcome these challenges, successfully
applying FID to fine-tune generative models and significantly improving single-step
generation performance. This article briefly explores the underlying mathematics and
implementation techniques.

1 Generation Metrics
FID, short for “Fréchet Inception Distance”, can be understood in two parts: “Fréchet
Distance (FD)” and “Inception (I)”. Suppose we have two distributions p and q, representing
real and generated samples respectively. We encode input samples x via a pretrained
encoder ϕ into feature vectors z = ϕ(x) ∈ Rd, and estimate their mean vectors µp, µq and
covariance matrices Σp, Σq. Assuming the encoded features follow multivariate normal
distributions, we can measure their discrepancy using the Wasserstein-2 distance:

F ≜ W2
2 [p, q] = ∥µp − µq∥2 + tr(Σp + Σq − 2(ΣpΣq)1/2)

= ∥µp − µq∥2 + tr(Σp + Σq − 2(Σ1/2
p ΣqΣ1/2

p )1/2)
(1)

where we define tr as the trace of a matrix. Substituting the estimated mean and covari-
ance from the encoded features into this equation gives the “Fréchet Distance (FD)”. For
details on the derivation of this formula, interested readers may refer to KL Divergence,
Bhattacharyya Distance, and Wasserstein Distance between Two Multivariate Normal Dis-
tributions.
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When the encoder ϕ is taken to be InceptionV3 (I), the resulting metric is called
“Fréchet Inception Distance”, or FID. This evaluation metric was first introduced in the
2017 paper GANs Trained by a Two Time-Scale Update Rule Converge to a Local Nash
Equilibrium, which in some sense belongs to the “ancient era” of generative modeling.

Nowadays, however, in both training and evaluation, InceptionV3 is not mandatory;
more advanced feature extractors such as SigLIP can be used instead. Alternatively, one
may compute the Fréchet Distance using multiple distinct encoders and sum the results.
We collectively refer to such generalizations as “FD Loss”.

2 Related Work
Although FID appears complex, it involves no non-differentiable operations, making its
use as a loss function a natural idea. Several years ago, such attempts already existed, for
example, in Image Generation Via Minimizing Fréchet Distance in Discriminator Feature
Space and Backpropagating through Fréchet Inception Distance.

However, early attempts did not achieve impressive results. The fundamental reason
lies in batch size. Typical loss functions compute per-sample losses and then average them.
In contrast, FID computes means and covariances over the entire batch before evaluating
the nonlinear function in (1). Consequently, FID estimated with small batches is biased,
and this bias cannot be eliminated through prolonged training, only mitigated by increasing
the batch size—leading to prohibitively high training costs.

The phrases “nonlinear operations involving cross-sample statistics” and “requirement
for large batch size” may sound familiar. Indeed, contrastive learning in vision typically
shares these two characteristics. Due to nonlinear interactions across samples, gradient
accumulation cannot easily increase effective batch size—but this is not impossible to
solve. See for example Can Gradient Accumulation Be Used in Contrastive Learning?. As
we shall see, the solution to the batch size problem in FID is conceptually similar.

From another perspective—using pretrained models to extract features for loss construction—
there is also the related work on Perceptual Loss. However, this serves as a reconstruction
loss for individual samples and is typically used in training models like VAEs. It does not
involve cross-sample statistical computations, and thus presents no computational difficul-
ties.

3 Gradient Computation
We now proceed step by step to derive the gradients and understand the challenges in
using FD as a loss. First, we need to compute the gradients. Since p represents the real
data distribution, the statistics µp, Σp are fixed, and we only need to compute gradients
with respect to µq, Σq.
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The gradient with respect to µq is straightforward:

∇µq
F = ∇µq

∥µp − µq∥2 = 2(µq − µp) (2)

The gradient with respect to Σq is:

∇Σq F = ∇Σq tr(Σp + Σq − 2(Σ1/2
p ΣqΣ1/2

p )1/2) = I − 2∇Σq tr((Σ1/2
p ΣqΣ1/2

p )1/2) (3)

We use the second line of (1), which is more complex but has an advantage: the matrix
S = Σ1/2

p ΣqΣ1/2
p is symmetric positive definite, a property that enables simplification. Let

the eigen-decomposition of S be UΛU⊤, so S1/2 = UΛ1/2U⊤. Then:

tr(S1/2) = tr(Λ1/2) =
√

λ1 +
√

λ2 + · · · +
√

λd (4)

∇S tr(S1/2) = 1
2

d∑
i=1

∇Sλi√
λi

= 1
2

d∑
i=1

uiu
⊤
i√

λi
= 1

2
UΛ−1/2U⊤ = 1

2
S−1/2 (5)

For derivations of eigenvalue gradients, refer to Derivatives of SVD. The result resem-
bles the derivative of

√
x, namely 1

2
√

x
, which feels intuitive. However, this is not trivial

and generally fails if S is not symmetric positive definite. Finally, by the chain rule:

∇Σq tr(S1/2) = Σ1/2
p [∇S tr(S1/2)]Σ1/2

p = 1
2

Σ1/2
p S−1/2Σ1/2

p (6)

Combining everything, we obtain:

∇Σq W2
2 [p, q] = I − Σ1/2

p (Σ1/2
p ΣqΣ1/2

p )−1/2Σ1/2
p (7)

This form may appear complex, but Σ1/2
p can be precomputed. It suffices to compute

the square root and inverse square root of the symmetric positive definite matrix S =
Σ1/2

p ΣqΣ1/2
p , which can be done using the eigh function, or via the Newton-Schulz iteration

method described in Efficient Computation of Matrix Square Root and Inverse Square Root
and Efficient Computation of Matrix r-th Root and Inverse r-th Root.

4 Large Batches
Introduce the notation:

µp = E[zp], V p = E[zpz⊤
p ], zp = ϕ(xp), xp ∼ p

µq = E[zq], V q = E[zqz⊤
q ], zq = ϕ(xq), xq ∼ q

(8)

Then:
Σp = V p − µpµ⊤

p , Σq = V q − µqµ⊤
q (9)
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Note that z = ϕ(x) typically has thousands of dimensions (e.g., 2048 for InceptionV3), so
accurate estimation often requires tens of thousands of samples. The real distribution is
fixed and µp, Σp can be precomputed. However, the generated distribution changes dy-
namically, and computing accurate estimates every step with tens of thousands of samples
implies an enormous batch size, which is computationally prohibitive in many settings.

On the other hand, the gradient formula (7) also reveals the necessity of large batches.
With small batches, the estimated V q may not be full rank, so Σq may not be invertible,
making (Σ1/2

p ΣqΣ1/2
p )−1/2 undefined (due to division by zero). Therefore, using FD as

a loss imposes a requirement on the training batch size—this is likely the most critical
practical difficulty.

Given computational constraints, we aim to simulate large batch effects using small
batches, similar to the “contrastive learning + gradient accumulation” scenario.

5 Equivalent Loss
Suppose a batch size B is required for accurate estimation of µq, V q. Instead, we pro-
cess k = B/b small batches of size b with intermediate results µ̃

(1)
q , Ṽ

(1)
q , µ̃

(2)
q , Ṽ

(2)
q , ...,

µ̃
(k)
q , Ṽ

(k)
q , such that:

µq = 1
k

k∑
i=1

µ̃(i)
q , V q = 1

k

k∑
i=1

Ṽ
(i)
q (10)

We seek an equivalent total gradient equal to the sum of gradients over small batches,
achieving unbiased estimation. Differentiating both sides of (1):

dF(µq, V q) = ⟨∇µq
F , dµq⟩ + ⟨∇V q F , dV q⟩F

=
k∑

i=1

[
⟨∇µq

F , dµ̃(i)
q /k⟩ + ⟨∇V q F , dṼ

(i)
q /k⟩F

]

= d
k∑

i=1
F

([
µq − µ̃(i)

q /k
]
sg + µ̃(i)

q /k,
[
V q − Ṽ

(i)
q /k

]
sg + Ṽ

(i)
q /k

) (11)

This means we compute µ̃
(i)
q , Ṽ

(i)
q in small batches, average them to obtain an accurate

µq, V q, then compute gradients using the loss:

Fi = F
([

µq − µ̃(i)
q /k

]
sg + µ̃(i)

q /k,
[
V q − Ṽ

(i)
q /k

]
sg + Ṽ

(i)
q /k

)
(12)

and sum the gradients. This yields gradients equivalent to using a batch size B. Here,
[·]sg denotes the stop-gradient operator. Alternatively, we can update parameters each step
with a smaller learning rate, achieving a similar effect.
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6 Historical Averaging
The above approach is theoretically sound, but not smooth: k forward passes are needed
before computing accurate µq, V q, and then gradients are computed retroactively. The
bottleneck is the need for global statistics to compute unbiased local gradients.

A natural idea: can we approximate µq, V q? Given small learning rates, model pa-
rameters change slowly, so µq, V q should also change slowly. After including a new batch,
the updated statistic is only a small adjustment to the previous one. We use exponential
moving averages (EMA):

µ(t)
q = βµ(t−1)

q + (1 − β)µ̃(t)
q , V (t)

q = βV (t−1)
q + (1 − β)Ṽ (t)

q (13)

This maintains an effective averaging window of size O(1/(1 − β)), effectively increasing
the statistical batch size by a factor of O(1/(1 − β)). Thus, at each step we can compute
the gradient using the loss:

Ft = F

β
[
µ(t−1)

q

]
sg + (1 − β)µ̃(t)

q︸ ︷︷ ︸
µ

(t)
q

, β
[
V (t−1)

q

]
sg + (1 − β)Ṽ (t)

q︸ ︷︷ ︸
V

(t)
q

 (14)

Extra cost: storing µq, V q, which is minimal. This practice of “making up for small
batches with historical data” embodies the “streaming” idea in Streaming Power Iteration.
Additionally, the paper discusses a queue-based method that retains k historical batches,
computes gradients using (12) and removes the oldest batch. This method is simpler but
more memory-intensive than EMA and performs worse in practice.

7 Experimental Overview
The paper’s experiments focus on post-training of generative models, aiming to improve
one-step generation via FD Loss, or fine-tune multi-step models to one-step. When com-
bining multiple encoders to compute FD Loss, a loss normalization technique balances
losses of different scales:

L =
∑

i

F [ϕi][
F [ϕi]

]
sg + ϵ

(15)

This technique was also discussed in On Multi-Task Learning (I): The Name of the Loss.
The paper’s key achievement is pushing one-step generation performance (FID) to un-

precedented levels, surpassing both one-step and multi-step baselines. This result appears
near the performance ceiling. Some figures are shown below:
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Figure 1: FD loss improves one-step generation performance

8 Summary
This article theoretically analyzes the challenges of using FID as a loss function for gener-
ative models and derives corresponding techniques to overcome them.
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Figure 2: Comprehensive comparison of FD loss
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