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Wasserstein distance (hereinafter referred to as "W-distance") is a distance function based
on the idea of optimal transport to measure the degree of difference between two probability
distributions. I have previously introduced it in blog posts such as|'"From Wasserstein Distance
and Duality Theory to WGAN". For many readers, the first time they heard of W-distance was
because of WGAN, which was released in 2017. It pioneered a new branch of understanding
GANSs from the perspective of optimal transport and elevated the status of optimal transport
theory in machine learning. For a long time, GANs were the "main force" in the field of
generative models, until the sudden emergence of diffusion models in the last two years, which
caused GANs’ popularity to decline, though they remain powerful generative models in their
own right.

Formally, the differences between diffusion models and GANs are quite obvious, so research
on them has been relatively independent. However, a paper released at the end of last year,
"Score-based Generative Modeling Secretly Minimizes the Wasserstein Distance", broke this
barrier: it proved that the score matching loss of diffusion models can be written as an upper
bound of the W-distance. This means that to some extent, minimizing the loss function of a
diffusion model is, in fact, the same as WGAN-—both are minimizing the W-distance between
two distributions.

1 Analysis of the Conclusion

Specifically, the results of the original paper are directed at the SDE-style diffusion models
introduced in|"Generative Diffusion Models Part 5: SDE Perspective of the General Framework".
Its core conclusion is the inequality (where I; is a non-negative function of ¢; we will introduce
its specific meaning in detail later):

T 1/2
Walpo, qo] < /0 9t 1y (Ea:twpt(wt) {vat log p(xt) — Se(wt,t)HQD dt + ItWa[pr,qr] (1)

How should we understand this inequality? First, a diffusion model can be understood as a
movement process of an SDE from ¢t =T to t = 0. pr and gr on the far right are the random
sampling distributions at time 7T'. pr is usually a standard normal distribution, and in practical
applications, we generally have gr = pr, so Wa|pr, qr] = 0. The reason the original paper
explicitly writes it out is just to provide the most general theoretical result.

Next, pg on the left is the distribution of values at time ¢ = 0 obtained by solving the reverse
SDE:

day = | fo(@0) — g7 Va, log pu(wy) | dt + grdw 2)

starting from random points sampled from pp. It is actually the data distribution to be gener-
ated. Meanwhile, qq is the distribution of values at time t = 0 obtained by solving the SDE:

day = | fo(@1) — giso(@i,t)| dt + gidw (3)
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starting from random points sampled from qr, where sg(x;,t) is the neural network approxima-
tion of V, log pt(xy). Therefore, gy is actually the data distribution generated by the diffusion
model. Thus, the meaning of Ws[po, qo] is the W-distance between the data distribution and
the generated distribution.

Finally, the remaining integral term has a key part:

Eampi(e) |V log p(@:) = so(ws, 1)1 (4)

This is exactly the "score matching" loss of the diffusion model. Therefore, when we use the
score matching loss to train a diffusion model, we are actually indirectly minimizing the W-
distance between the data distribution and the generated distribution. Unlike WGAN, which
optimizes the Wi [po, qo] distance, here it is Wa|po, qo].

Note: To be precise, Equation is not yet the loss function of the diffusion model.
The loss function of the diffusion model should be "conditional score matching." The
relationship between it and score matching is:

Baynpi () [Hvzt log py () — sa(mt,t)”ﬂ
=Eginpi (1) [HEwoNpt(zom) [V, log pi(x¢|20)] — 89(3315775)"2}
< Egimpi (@) Eaompi (ol zs) [vat log pi(x|xo) — sg(xy, t)HQ}
= Bagmpo(@o),@impi(@elzo) |:vat log p¢(x¢|x0) — se(azt,t)Hz}

The final result is the "conditional score matching" loss function of the diffusion

model. The first equality is due to the identity Va, log pi(®:) = Egp, (wo|2) [V 10g pe(xt|T0)]-
The second inequality is due to the generalization of the mean square inequality or

Jensen’s inequality. The third equality is Bayes’ theorem. In other words, condi-

tional score matching is an upper bound of score matching, and therefore also an

upper bound of the W-distance.

From Equation , we can also simply understand why the objective function of the diffusion
model discards the coefficient in front of the norm. Because the W-distance is a good measure of
probability distributions, and g?I; on the right side of Equation is a monotonically increasing
function of ¢, this means we should appropriately increase the score matching loss when t is
small. In "Generative Diffusion Models Part 5: SDE Perspective", we derived the final form of

score matching as:
1 B _ 2
?EmONﬁ(mo),sz(O,I) [Hee(atmo + Bie, t) — EH } (6)
i

Discarding the coefficient é is equivalent to multiplying by Bf, and BE is also a monotonically
t

increasing function of . That is to say, one can simply consider that discarding the coefficient
makes the training objective closer to the W-distance between the two distributions.

2 Preparation

Although the original paper provides the proof process for inequality , it involves a significant
amount of knowledge related to optimal transport, such as continuity equations and gradient
flows. In particular, a theorem it cites without proof is located in Chapter 8 of a monograph
on gradient flows or Chapter 5 of another monograph on optimal transport, which makes the
reading difficulty too high for me. After some attempts, I finally completed my own proof of
(part of) inequality last week. It only requires the definition of W-distance, basic differential
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equations, and the Cauchy-Schwarz inequality. Compared to the original paper’s proof, the
difficulty of understanding should be significantly reduced. After several days of refinement, the
proof process is as follows.

Before starting the proof, let’s prepare by organizing some basic concepts and conclusions
that will be used. First is the W-distance, defined as:

1/p
Wolp. ) = ( @ y)le- yupdazdy> ™

v€ll[p,q

where Il[p, g refers to all joint probability density functions with p and ¢ as marginal distribu-
tions, which describes a specific transport plan. This article only considers p = 2, as only this
case is convenient for subsequent derivation. Note that the definition of W-distance includes an
infimum operation inf, which means that for any v € II[p, ¢] we can write down, we have:

wibn.a) < ([[ vl — yliday) ®)

This is the core idea of the proof I provide. The relaxation in the proof process mainly uses the
Cauchy-Schwarz inequality:

Vector version: x -y < ||| vyl

1/2 1/2 (9)
Expectation version: Ey [f(x)g(x)] < (]Em [fz(w)}) / (Em [gZ(w)D /
In the proof process, we assume that the function g,(x) satisfies the "one-sided Lipschitz con-
straint," defined as:

(9:(2) — 9:(y)) - (& — y) < Lillx — y| (10)

It can be proven that this is weaker than the common Lipschitz constraint (refer to |"Lipschitz
Constraint in Deep Learning: Generalization and Generative Models"), meaning that if a func-
tion g,(x) satisfies the Lipschitz constraint, it must satisfy the one-sided Lipschitz constraint.

3 A Simple Trial

Inequality is too general. Attempting to analyze the generalized result right away is not
conducive to our thinking and understanding. Therefore, let’s simplify the problem first to
see if we can prove a slightly weaker result. How to simplify? First, inequality considers
the difference in the initial distribution (note: the diffusion model is an evolution process from
t =T tot=0,sot =T is the initial time and ¢ = 0 is the terminal time). Here, we first
consider the same initial distribution. Additionally, the original reverse equation is an SDE;
here, we first consider a deterministic ODE.

Specifically, we consider starting from the same distribution ¢(z) and sampling z as the
initial value at time 7', then evolving along two different ODEs:

dast

W Fiw), Y=gy, ()

dt
Let the distribution of x; at time ¢ be p; and the distribution of y, be ¢;. We attempt to
estimate an upper bound for Ws|po, qo].

We know that a; and y, both evolve from the same initial value z through their respective
ODEs, so they are actually deterministic functions of z. More accurate notation would be x¢(z)
and y,(z); for simplicity, we omit z. This means that the mapping @; > y, corresponding to the
same z constitutes a correspondence (transport plan) between samples of p; and ¢, as shown
in the figure below:
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Figure 1: Schematic diagram of the approximate optimal transport plan

Thus, according to Equation (8), we can write:
Walpr, ai) < B [l — wl?] 2 Walpe, (12)

Next, we relax W3[p, ¢;]. To relate it to f,(z¢) and g,(y,), we take its derivative:

:|:d<V~V22d[ft7qt]) = +2E, {(:I:t —Yy) - <d;tt - sztﬂ
)

= +2E; [(z: Fu(xt) — 9:(y))]

= +2E; [(z: ) - (Fe(me) — g(xe))] £ 2E; [(m — yy) - (ge(xt) — g¢(yy))]
< 2B ||z - yillll Folee) — go (@] + 2B | Lillw: — w,]?]

<2 (B. [z~ wil?])"” (B [Ifuee) — gu(@nl?])"” + 2L [l — )]

= DWalpr, ] (E= [ u(e) — gu(@0lP]) " + 22043001, 0l

—yy) - (
—yy) - (

(13)
The first inequality uses the vector version of the Cauchy-Schwarz inequality and the one-sided
Lipschitz constraint assumption . The second inequality uses the expectation version of
the Cauchy-Schwarz inequality. The + means that the resulting inequality holds regardless

of whether we take + or —. The following derivation only uses the — side. Combining with
(w?) = 2ww', we get:
dWValpr, q 1/2 -
_Z[Tt] < (Ez [Hft(a?t) - gt($t)||2]> + LWa(pe, g1 (14)

Using the method of variation of constants, let Wa[py, ¢i] = C; exp ( ftT Lsds>. Substituting this
into the above equation gives:

—% < exp (— /tT Lsds> (Ez [”ft(a’t) - gt(a’t)Hz})l/z (15)

Integrating both sides over [0,7] and combining with C7 = 0 (since the two distributions are
equal at the initial time, the distance is 0), we get:

Co< [ e (— I Lsds> (B: [I () — gu(an)P]) " at (16)
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Thus:
Walpo, ao) < Coexp ( [ Lsds> = [ (B 10 —ael?]) Pwan)

where I; = exp ( fg Lsds) . According to Equation , this is also an upper bound for Wa|[po, qo].
Finally, since the expression for the expectation is only a function of x;, and @, is a deterministic
function of z, the expectation with respect to z is equivalent to the expectation directly with
respect to xy:

Walpo,ao) < [ o (Bavepen 151020 — gu(a0l?]) " (18)

4 Pressing On

In fact, the simplified inequality is not fundamentally different from the more general .
Its derivation process already contains the general idea for deriving the complete result. Below,
we complete the remaining derivation.

First, we generalize inequality to scenarios with different initial distributions. Suppose
the two initial distributions are pr(z1) and gr(z2). We sample the initial value from pr(z1) to
evolve x;, and sample the initial value from gr(z3) to evolve y,. Thus, x; and y, are functions
of z1 and z9 respectively, rather than functions of the same z as before. Therefore, we cannot
directly construct a transport plan. So, we also need a correspondence (transport plan) between
z1 and z9. We choose it to be an optimal transport plan v*(z1, z2) between pr(z1) and gr(z2).
Thus, we can write a result similar to Equation :

WilDts @) < Eay pne 21,2 |12t = 90l?] 2 Wilpe, ai (19)

Due to the consistency of the definition, the relaxation process still holds, except that
the expectation [, is replaced by E., .,. Therefore, inequalities and also hold. The
difference is that when integrating both sides of over [0,7T], we no longer have Cr = 0.
Instead, according to the definition, we have Cr = Wa[pr, gr] = Wapr, qr]. So, the final result
is:

T
Walpo, qo] < /0 1 (Bappeton [I£:(@0) = gy(@)IP]) 7 dt + Iwalpr, ] (20)

Finally, we return to the diffusion model. In "Generative Diffusion Models Part 6: ODE
Perspective", we derived that the same forward diffusion process actually corresponds to a family
of reverse processes:

do = (£1() - (6% + oF)Valog (@) ) dt + ordu (21)
where oy is a standard deviation function that can be freely chosen. When oy = g, it becomes
Equation . Since we analyzed ODEs above, let’s first consider the case where oy = 0. In this
case, the result is still applicable, but we replace f,(@;) with f,(@;) — 197V, log pi(x)
and g,(x;) with f,(z;) — 2g7se(z,t). Substituting these into Equation yields the con-
clusion presented at the beginning of the article. Of course, don’t forget the one-sided
Lipschitz constraint assumption (L0)) we made for g,(x;) during the derivation. Now we can
make assumptions for f,(x;) and sg(xy,t) respectively; these details will not be expanded upon.

5 A Difficult Conclusion

Following the procedure, we should continue to complete the final proof for o; # 0. However,
unfortunately, the logic of this article cannot fully prove the SDE case. Below is my analysis
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process. In fact, for most readers, understanding the ODE example in the previous section is
enough to glimpse the essence of Equation . The complete details are not overly important.

For simplicity, let’s take as an example. A more general can be analyzed similarly.
We need to estimate the difference in the evolution trajectory distributions of the following two
SDEs:

dx; = {ft(:ct) - gfth logpt(:ct)} dt + g dw
dy, = {ft(yt) - gESO(ytv t)} dt + grdw

That is, how much the final distribution is affected by replacing the accurate V, log p:(x:) with
the approximate sg(y,,t). My proof idea is also to transform it into an ODE and then use the
previous proof process. First, according to Equation , we know the ODE corresponding to
the first SDE is:

(22)

d, = [ft(wt) AL logpt(mt)} dt + grdw
4 (23)
de; = [ft(mt) - %gfvxt IOgPt(th)} dt
As for the derivation of the ODE corresponding to the second SDE, it requires some skill. It
first needs to be changed into the form of —g?V,, ,10g q:(y;), and then Equation is used:
dy, = [ Fi(ys) — g7 s0(ys, )] dt + gedw
¢
dy, = [ft(yt) - 9330(%, t) + gfvyt log q:(y;) —gfvyt log qt(yt)} dt + gidw

treated as a whole

. (24)
dy, = {ft(yt) — 9750y t) + 97 Vy, log ar(y,) — %93 Vy, log Qt(yt)] di

y
dy. = [£w) — gEsolynt) + 5979y, g ()| de

Repeating the relaxation process for these two ODEs (taking the negative sign for +), the
main difference is an extra term:

1

—igf]Ez [(ﬁct —Yy) - (Va, logpi(xs) — Vy, log (It(yt))] (25)

If this term is less than or equal to 0, then the relaxation process still holds, and all
subsequent results also hold, with the final conclusion taking the same form as Equation .
So, the remaining question is whether we can prove:

E. [(x: —y;) - (Va, log pe(x:) — Vy, log g (y,))] > 0 (26)

Unfortunately, counterexamples can be given to show that it generally does not hold. A similar
term appeared in the proof process of the original paper, but the distribution for the expectation
was not z, but the optimal transport distribution of ; and y,. Under this premise, the original
paper directly throws out conclusions from two references as lemmas and completes the proof in
a few lines. It must be said that the authors of the original paper are very familiar with optimal
transport content, "picking up" various literature conclusions with ease. It is just difficult for a
novice reader like me; wanting to understand it thoroughly is hard, so I can only stop here.

In particular, we cannot make a one-sided Lipschitz constraint assumption for V, log pi(x)
or Vy,logq(y,), because it is easy to find distributions whose log-gradients do not satisfy



the one-sided Lipschitz constraint. Therefore, to prove this inequality, one can only refer to
the original paper’s idea of using the properties of the distribution itself, without imposing
additional assumptions.

6 Summary

This article introduces a new theoretical result showing that the score matching loss of diffusion
models can be written as an upper bound of the W-distance, and provides a partial proof. This
result means that, to some extent, diffusion models and WGAN share the same optimization
goal—diffusion models are also secretly optimizing the W-distance!
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